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DETERMINING THE CP VIOLATING PHASE γ a
MICHAEL GRONAU
Department of Physics, Technion, Haifa 32000, Israel
We review several methods for determining the Kobayashi-
Maskawa phase γ = ArgV ∗
ub
from rate and CP asymmetry
measurements in hadronic B decays. We focus on the pro-
cesses B → DK, Bs → DsK, and on charmless decays
to two light pseudoscalars and decays to a pair of a pseu-
doscalar and a vector meson. Theoretical uncertainties un-
derlying these methods are discussed.
aTo appear in Proceedings of The Third International Conference on B Physics and CP
Violation, Taipei, December 3−7, 1999, H. -Y. Cheng and W. -S. Hou, eds. (World Scientific,
2000).
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1 Introduction
B meson decays open the window into new phenomena of CP nonconservation,
providing useful information about CP violating phases1. Phase measurements
for α, β and γ, which are not independent in the Kobayashi-Maskawa frame-
work, are important for two reasons. First, they improve to a higher precision
our knowledge of the CKM mixing matrix, consisting of fundamental quark
couplings in our present theory. And second, they are sensitive probes for
sources of CP violation outside the CKM matrix, and for new flavor changing
interactions contributing to B0 − B¯0 mixing and to rare B decays.
The phase β ≡ Arg(−V ∗cbVcd/V ∗tbVtd) (= ArgV ∗td in the standard phase
convention) is measured by the time-dependent CP asymmetry in B0(t) →
ψKS
2. Theoretically, this measurement provides a very clean determination
of sin(2β), since the single phase approximation holds in this case to better than
1%3,4. The recent CDF measurement5, sin(2β) = 0.79+0.41−0.44, is an encouraging
proof of the method, although it does not yet constitute definite evidence for
CP violation in B decays, as predicted in the CKM framework.
The determination of sin 2α (α ≡ Arg(−V ∗tbVtd/V ∗ubVud)) in B0 → π+π−
suffers from the appearance of a second amplitude (P ) due to QCD penguin
operators 3,4. The weak phase 6 of P differs from the phase of the dominant
tree amplitude (T ). The ratio |P |/|T | = 0.3 ± 0.1, obtained 7 by comparing
within broken flavor SU(3) the measured rates 8 of B → ππ and B → Kπ,
implies a potentially large deviation of the measured asymmetry from sin 2α.
In fact, the time-dependent asymmetry in B0(t)→ π+π− contains two terms
3
A(t) = adir cos(∆mt) +
√
1− a2dir sin 2(α+ θ) sin(∆mt) , (1)
where adir and θ are both proportinal to |P |/|T | and are functions of the
relative strong phase between P and T . A precise knowledge of |P |/|T | would
permit an accurate determination of α from a measurement of the two terms
in the asymmetry 3,9. One way of calculating |P |/|T | in perurbative QCD is
described by Deshpande at this meeting 10. However, the uncertainty in this
calculation has not yet been shown to be under control.
As long as |P |/|T | cannot be calculated reliably, a theoretically cleaner
way of resolving the penguin correction will require combining the asymmetry
in B0 → π+π− with other measurements. A very early suggestion 11 was to
also measure the rates of isospin related processes, B+ → π+π0 and B0/B¯0 →
π0π0. However, it is expected that the color-suppressed rates of tagged B0 and
B¯0 decays to neutral pions will involve large experimental errors, at least in
the first round of experiments. Alternatively, α can be determined by applying
the isospin technique to B → ρπ decays 12, or by relating the time-dependence
2
in B0(t) → π+π− and in Bs(t) → K+K− using flavor U-spin symmetry 13.
Since none of these methods is expected to be both theoretically clean and
experimentally accessible in the near future, some of these methods will have
to be combined in order to reduce the error in α.
The phase γ ≡ Arg(−V ∗ubVud/V ∗cbVcd) (= ArgV ∗ub in the standard con-
vention) is the relative weak phase between a CKM-favored (b → c) and a
CKM-suppressed (b→ u) decay amplitude. Therefore, it contributes to direct
CP asymmetries, in which two such amplitudes interfere, without the need
for neutral B mixing. Asymmetry measurements in charged B decays and in
self-tagged neutral B decays have the advantage of avoiding the price of flavor
tagging. However their theoretical interpretation in terms of the weak phase γ
involves an unknown strong phase and an unknown ratio of two interferening
hadronic matrix elements. A few methods were proposed to overcome this
difficulty, often by measuring not only the asymmetry, but also the rates of
certain related processes which provide information on these matrix elements.
In the next few sections we describe several ways of measuring γ in four classes
of processes, discussing in each case both the theoretical uncertainties and the
experimental limitations.
2 B → DK(∗)
A simple idea for measuring γ in B± → DK± was proposed some time ago
14. Neglecting very small CP violation in D0 − D¯0 mixing, one can write a
triangle amplitude relation
√
2A(B+ → D01K+) = A(B+ → D0K+) +A(B+ → D¯0K+) . (2)
D01 is an even CP-eigenstate, decaying, for instance, to π
+π−, while D0 and
D¯0 are two opposite flavor states. The two amplitudes on the right-hand-
side contain CKM factors V ∗ubVcs and V
∗
cbVus, both of which are O(λ3) 15, and
have a relative weak phase γ. If the two amplitudes were of about equal
magnitudes, then the triangle relation and its charge-conjugate would permit
a determination of sin γ within certain discrete ambiguities.
At a closer examination one observes, however, that the first amplitude is
suppressed relative to the second one by a CKM factor, |V ∗ubVcs|/|V ∗cbVus| ≈
0.4, and by a color-suppression factor of about 0.25. [This prediction comes
from evidence for color-supression in B → D¯π 16]. An order of magnitude
suppression of this amplitude relative to the measured amplitude 17 of B+ →
D¯0K+, causes serious experimental difficulties in tagging the flavor of D0,
through decays such as D0 → K−π+. The very rare decay B+ → D0K+ →
(K−π+)K+ interferes strongly with the doubly Cabibbo-suppressed decay of
D¯0 in B+ → D¯0K+ → (K−π+)K+.
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Two ways were proposed for partially evading this difficulty by considering
only very rare decays, typically with branching ratios of order 10−7. Aside from
the small rates, both methods have other limitations.
• Study only color-suppressed decays 18 B0 → D0(D¯0)K∗0, where the fla-
vors of neutral D and K∗ are determined through D0 → K−π+, K∗0 →
K+π−. Here the interference between Cabibbo-favored and Cabibbo-
suppressed neutral D decays is much weaker. Still, such interference
occurs and prohibits a precise determination of γ.
• Study B+ → D0(D¯0)K+ → fK+, with two neutralD decay modes, such
as f = K−π+, K−ρ+. In this case the two interfering amplitudes have
comparable magnitudes, one being color-suppressed in B decay and the
other being doubly-Cabibbo-suppressed in D decay. Measurement of the
rates of these two processes and their charge-conjugates would permit a
determination of γ 19, provided that the two doubly Cabibbo-suppressed
D decay branching ratios were known. Uncertainties in these branching
ratios prohibit an accurate determination of γ. An intrinsic uncertainty
20 follows from the difficulty of disentangling doubly Cabibbo-suppressed
D0 decays from D0 − D¯0 mixing 21. The mixing may be larger than
conventionally estimated 22, as anticipated recently from large resonance
contributions in D0 decays 23. Therefore, a precise measurement of γ
using this method requires knowledge of the D0−D¯0 mixing parameters.
There are also variants24, which combine the above two schemes14,19 based
on CP and flavor states. In all cases, the very small branching ratios of the
color-suppressed processes imply that such measurements cannot be carried out
effectively in the first round of experiments at e+e− B factories, and would
have to wait for hadron collider experiments providing at least 109 B’s.
An interesting question remains 25: What can be learned by studying
only the more abundant color-allowed B± → DK± decays which have larger
branching ratios? Considers the charge-averaged ratio of rates for neutral D
mesons decaying to an even (odd) CP state and for a color-allowed flavor state
Ri ≡ 2[Γ(B
+ → DiK+) + Γ(B− → DiK−)]
Γ(B+ → D¯0K+) + Γ(B− → D0K−) , i = 1, 2 . (3)
One finds (neglecting the small D01 −D02 width-difference)
R1,2 = 1 + r¯
2 ± 2r¯ cos δ¯ cos γ , (4)
where A(B+ → D0K+)/A(B+ → D¯0K+) ≡ r¯ exp[i(δ¯ + γ)]. This leads to two
general inequalities
sin2 γ ≤ R1,2 , i = 1, 2 , (5)
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one of which must imply a new constraint on γ, unless γ = π/2.
Assuming, for instance, r¯ = 0.1, δ¯ = 0, γ = 40◦, one finds R2 = 0.85.
With 108 B+B− pairs, and using measured B and D decay branching ratios
26, one estimates an error 25 R2 = 0.85±0.05. In this case, Eq.(5) excludes the
range 73◦ < γ < 107◦ with 90% confidence level. Including measurements of
the CP asymmetries in B± → DiK± permit, in principle, a determination of γ
(and not only bounds on the angle). This depends, of course, on the unknown
strong phase δ¯. For further studies of related methods, see 27.
3 B0s (t)→ DsK
The interference between the two λ3 subprocesses b→ cu¯s and b→ uc¯s oper-
ates also in the time-dependent decay B0s → D−s K+, leading to a sin(∆mst)
term 28
Γ(B0s (t)→ D−s K+) = e−Γst[|A|2 cos2(
∆mst
2
) + |A¯|2 sin2(∆mst
2
)
− |AA¯| sin(δ + γ) sin(∆mst)] . (6)
The two color-allowed amplitudes, corresponding to b → cu¯s and b → uc¯s,
have magnitudes |A| and |A¯|, and involve relative strong and weak phases, δ
and γ, respectively.
These four parameters describe in a similar way the time-dependence in the
three processes in which the initial and/or final states are charge-conjugated,
B¯0s (t) → D−s K+, B0s (t) → D+s K−, B¯0s (t) → D+s K−. Thus, measuring the
time-dependent oscillations in these four processes, all of which require tagging
the flavor of initial B0s , permits a determination of γ
29. It is obvious that, for
an accurate measurement, one would also need to know the width-difference
between the two Bs mass eigenstates, which was neglected in (6). Further
studies and discussions of width-dependent effects can be found in 30.
4 B → PP
We will consider B decays to two light pseudoscalars, B → PP where P =
π,K, within the framework of flavor SU(3) symmetry 31,32,33,34. Final states
involving η and η′ can be studied similarly 35. Occasional reference to SU(3)
breaking effects will be made. A more ambitious approach, relying on gen-
eralized factorization 10,36,37,38, has not yet been justified quantitatively to a
satisfactory level.
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The low energy effective weak Hamiltonian 39 governing B → PP
H = GF√
2
∑
q=d,s

 ∑
q′=u,c
λ
(q)
q′ [c1Q
(q′)
1 + c2Q
(q′)
2 ]− λ(q)t
10∑
i=3
ciQ
(q)
i

 , (7)
where λ
(q)
q′ = V
∗
q′bVq′q, consists of the sum of three types of four quark opera-
tors: two (V −A)(V −A) current-current operators (Q1,2), four QCD penguin
operators (Q3,4,5,6), and four electroweak penguin (EWP) operators (Q7,8,9,10)
with different chiral structures. The EWP operators with dominant Wilson
coefficients, Q9 and Q10 (|c7,8|/|c9| ≈ 0.04), have both a (V − A)(V − A)
structure. All the four-quark operators, (b¯q1)(q¯2q3), can be decomposed into
a sum of 15, 6 and 3 representations 31,33,34. The QCD penguin operators are
pure 3.
A simple proportionality relation was noted recently 40 to hold between
the dominant EWP operators Q9 and Q10 and the current-current (“tree”)
operators Q1 and Q2, both trasforming as given SU(3) representations
H(q)EWP (15) = −
3
2
c9 + c10
c1 + c2
λ
(q)
t
λ
(q)
u
H(q)T (15) , (8)
H(q)EWP (6) =
3
2
c9 − c10
c1 − c2
λ
(q)
t
λ
(q)
u
H(q)T (6) . (9)
The superscripts q = d, s denote strangeness-conserving and strangeness-changing
transitions, respectively. The two ratios of Wilson coefficients are equal within
3% 39
c9 + c10
c1 + c2
≈ c9 − c10
c1 − c2 ≈ −1.12α . (10)
As a consequence of (8) and (9), processes given by 15 and 6 transitions contain
EWP and current-current contributions which are proportional to each other.
For instance, in the ∆S = 1 pure 15 transition, B → (Kπ)I=3/2, where
|I = 3/2〉 = |K0π+〉+√2|K+π0〉, the ratio of these amplitudes
δEW = −3
2
c9 + c10
c1 + c2
|V ∗tbVts|
|V ∗ubVus|
= 0.65± 0.15 (11)
is of order one 41, in spite of the fact that EWP amplitudes are higher order in
electroweak couplings.
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This simple result, obtained in the limit of flavor SU(3), was used 42 in
order to obtain a bound on γ in B± → Kπ. Expressing B+ → Kπ in terms
of reduced SU(3) amplitudes depicted in graphical form 33, one has 43
A(B+ → K0π+) = λ(s)t [P + EW ] + |λ(s)u |eiγ [Puc +A] , (12)√
2A(B+ → K+π0) = −λ(s)t [P + EW ]− |λ(s)u |[(T + C)(eiγ − δEW ) + Puc +A] .
The dominant QCD penguin amplitudes P in the two processes, carrying a
weak phase Argλ
(s)
t = π, are equal because of isospin. Unequal rates of the two
processes would be evidence for interference with smaller amplitudes involving
a different weak phase. Defining the charge-averaged ratio of rates 42
R−1∗ ≡
2[B(B+ → K+π0) +B(B− → K−π0)]
B(B+ → K0π+) +B(B− → K¯0π−) , (13)
one finds, to leading order in small quantities
R−1∗ = 1− 2ǫ cosφ(cos γ − δEW ) +O(ǫ2) +O(ǫǫA) +O(ǫ2A) . (14)
ǫ and ǫA are ratios of tree-to-penguin and rescattering
44 -to-penguin ampli-
tudes, respectively
ǫeiφ =
|λ(s)u |
|λ(s)t |
T + C
P + EW
, ǫA =
|λ(s)u [Puc +A]|
|λ(s)t [P + EW ]|
. (15)
The first ratio is given by 8,45
ǫ =
√
2
Vus
Vud
fK
fpi
|A(B+ → π0π+)|
|A(B+ → K0π+)| = 0.21± 0.05 , (16)
while the second one is roughly 8,46
ǫA ∼ λ |A(B
+ → K¯0K+)|
|A(B+ → K0π+)| < 0.12 (17)
Neglecting second order terms, one obtains a bound 42
| cosγ − δEW | ≥ |1−R
−1
∗ (Kπ)|
2ǫ
, (18)
which would provide useful information about γ if a value different from one
were measured for R−1∗ . The present value, R
−1
∗ exp = 1.27± 0.48, is consistent
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with one. Further information about γ, applying also to the case R−1∗ = 1, can
be obtained by measuring separately B+ and B− decay rates 47. The solution
obtained for γ involves uncertainties due to SU(3) breaking in subdominant
amplitudes and an uncertainty in |Vub/Vcb|, both of which affect the value of
δEW . Combined with errors in ǫ ∝ |A(B+ → π+π0)/A(B+ → K0π+)|, and in
the rescattering parameter ǫA, the resulting uncertainty in γ is unlikely to be
smaller than 20◦ 47. For other ways of studying γ in B → Kπ, see 48.
5 B → V P
B mesons decays to a charmless vector meson (V ) and a pseudoscalar meson
(P ) involve a larger number of SU(3) amplitudes 49,50 than B → PP . SU(3)
relations between EWP and current-current amplitudes, following from (8)
and (9), reduce considerably the number of independent amplitudes. In this
section we describe briefly two applications 40.
5.1 B± → ρK
Defining a charge-averaged ratio of rates for B± → ρK
R−1∗ (ρK) ≡
2[B(B+ → ρ0K+) +B(B− → ρ0K−)]
B(B+ → ρ+K0) +B(B− → ρ−K¯0) , (19)
one obtains, with some analogy to (18), the bound
| cos γ| ≥ |1−R
−1
∗ (ρK)|
2ǫV
− δEW
(
ǫP
ǫV
)
, (20)
where
ǫV =
√
2
Vus
Vud
fK
fpi
|A(B+ → ρ0π+)|
|A(B+ → ρ+K0)| , ǫP =
√
2
Vus
Vud
fK∗
fρ
|A(B+ → ρ+π0)|
|A(B+ → ρ+K0)| .
(21)
Although this constraint is weaker than (18), it shows that measuring charge-
averaged ratios of rates, which differ from one, is of interest also for PV final
states.
5.2 B0 → K∗±π∓ vs. B± → φK±
Considering the amplitudes for B0 → K∗+π− and B+ → φK+, both of which
are expected to be QCD penguin dominated, and keeping only dominant and
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subdominant terms, one finds
A(B0 → K∗+π−) = −λ(s)t PP − λ(s)u TP ,
A(B+ → φK+) = λ(s)t [PP + EW ] , (22)
where the suffix P denotes the pseudoscalar which includes the spectator in
the graphic SU(3) amplitudes 49. The EWP contribution is related to the tree
amplitude by 40
λ
(s)
t EW =
1
3
δEW |λ(s)u |TP . (23)
Defining the ratio
R =
|A(B0 → K∗+π−)|2 + |A(B¯0 → K∗−π+)|2
|A(B+ → φK+)|2 + |A(B− → φK−)|2 , (24)
one finds
R =
1 + r2 − 2r cos δ cos γ
1 + (δEW /3)2 r2 − (2/3) δEW r cos δ , (25)
where
r eiδ =
|λ(s)u |
|λ(s)t |
TP
PP
. (26)
Present 90% confidence level limits 8, B(B0 → K∗±π∓) > 12 × 10−6 and
B(B± → φK±) < 5.9 × 10−6, imply R > 2, which is evidence for a nonzero
contribution of TP . In order to use this inequality for information about γ, one
must include some input about r and δ. A reasonable assumption, supported
both by perturbative36 and statistical51 calculations, is that δ does not exceed
90◦. A very conservative assumption about r is r ≤ 1. Making these two
assumptions, one finds [for δEW we will use the range (11)]
cos γ − 2
3
δEW <
−1 + r2[1− 2(δEW /3)2]
2r
. (27)
This implies γ > 62◦ for r = 1, and γ > 105◦ for r = 0.5. Indirect evidence
50 exists already for r < 0.55. Direct information on r will be obtained from
future rate measurements of B+ → K∗0π+ and B+ → ρ+π0 or B0 → ρ+π−.
These bounds neglect smaller terms in the amplitudes, primarily the color-
suppressed tree amplitude. If this contribution is 10% (20%) of the color-
favored tree amplitude TP
36, then the limits move up or down by about
5◦ (10◦). The bounds also assume [by SU(3)] equal QCD penguin contri-
butions in the two processes. The constraint becomes stronger if the penguin
amplitude in B+ → φK+ is larger than in B0 → K∗+π−, as predicted by fac-
torization 52. However, the constraint may become weaker if SU(3) breaking
in penguin amplitudes is not described by factorization.
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6 Conclusion
We discussed several ways of determining the weak phase γ. The first two
schemes, based on B → DK and Bs → DsK, seem at first sight to involve
no hadronic uncertainties. However, at a closer look, they require taking care
of smaller effects, such as D0 − D¯0 mixing and the width-difference in the B0s
system. Methods based on charmless decays to two pseudoscalars, and decays
to a pseudoscalar and a vector meson, involve dynamical hadronic parameters,
such as those describing SU(3) breaking and rescattering amplitudes. Some
of these quantities are under control, and others should be studied through a
dialogue between theory and experiments.
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